The cash flow values and the interest rate in the net present value (NPV) model are usually specified by either crisp numbers or random variables. In this paper, we first discuss some of the recent developments in possibility theory and find closed form expressions for fuzzy possibilistic net present value (FNPV). Then, following Carlsson and Fullér (2001), we discuss some of the possibilistic moments related to FNPV model along with an illustrative numerical example. We also give a unified approach to find higher order moments of FNPV by using the moment generating function introduced by Paseka et al. (2011) .
Introduction
Recently, there has been growing interest in using fuzzy systems to deal with impreciseness, uncertainty, and vagueness (e.g., see Buckley [1] , Kaufmann and Gupta [2] , Zimmermann [3] etc.). Viewing the fuzzy numbers as random sets, Dubois and Prade [4] , defined their interval valued expectation and introduced their mean value as a closed interval bounded by the expectations calculated from its upper and lower distribution functions. In recent years fuzzy systems has become an extensively area of research mainly due to the fact that deterministic models have huge limitations. Also, it has been shown that the decision making models based on probability theory are relatively hard to deal with due to their complex stochastic structure.
Possibility theory (Carlsson and Fullér [5] ) along with fuzzy set theory and fuzzy systems (see (Zadeh [6] ; Zimmermann [3] ), Kaufmann and Gupta [2] provide a new avenue to deal with impreciseness in decision making problems. Recently, there have been several applications of possibility theory in decision making (e.g., see Appadoo et al. [7] and Thavaneswaran et al. [8] ). Appadoo et al. [7] , using possibilistic moments of adaptive fuzzy numbers, develop a model for fuzzy net present value (FNPV) of future cash flows. Paseka et al. [9] define moment generating function of fuzzy numbers and apply it to some time series models in finance, and Thavaneswaran et al. [8] introduce noncentered possibilistic moments, extend the results to centered moments, and find the kurtosis for a class of fuzzy coefficient autoregressive (FCA) and fuzzy coefficient volatility (FCV) models. Furthermore, they demonstrate the superiority of fuzzy forecasts over the least square error forecast. In this paper we revisit the fuzzy net value problem (FNVP) addressed extensively in the literature. However, these studies have, generally, been confined to fuzzy numbers having linear type of membership functions. The main reason for using linear membership function is to avoid complex nonlinear computations (for more details, e.g., see Medaglia et al. [10] and Medasani et al. [11] ). Furthermore, they have pointed out that there are difficulties associated with the selection of the solution of a problem that uses linear membership function. They also have highlighted the importance of having a membership function which can be easily tuned and adjusted. In the present paper we use special type of fuzzy numbers, called ( , )-trapezoidal fuzzy numbers [12] , that have special type of nonlinear membership functions. Although the classical NPV method plays a decisive role in evaluation, it does not take into account the uncertainties which may be inherent in these parameters used in it. Ward [13] develops a fuzzy net present model by introducing trapezoidal fuzzy numbers as the future cash flow amounts. Due to computational efficiency Chiu and Park [14] modify the proposed fuzzy net present value formula by using triangular fuzzy numbers (TFNs) instead. Buckley [15] proposes fuzzy capital budgeting model in mathematics of finance. Kaufmann and Gupta [2] apply fuzzy discount rate to the fuzzy net present value model. Karsak and Tolga [16] present a fuzzy present value model for financial evaluation of advanced manufacturing system (AMS) investments under conditions of inflation. Kuchta [17] considers a global fuzzy net present value and uses quadratic 0-1 programming to the proposed model. Kahraman et al. [18] consider fuzzy present value, fuzzy equivalent uniform annual value, fuzzy final value, fuzzy benefit-cost ratio, and fuzzy payback period in the capital budgeting model. Liou and Chen [19] proposed a fuzzy equivalent uniform annual worth method to assist practitioners in evaluating investment alternatives. Omitaomu and Badiru [20] developed a fuzzy model for evaluating information system projects. Different from using possibility as the measure of a fuzzy event, recently Huang [21] and Huang [22] extended chance-constrained programming idea to fuzzy environment to solve fuzzy capital budgeting problems based on credibility measure. Furthermore, based on credibility theory, Huang [23] proposed models for selecting projects that combine random uncertainty and fuzzy uncertainty simultaneously.
In what follows, we divide the paper into 4 sections. In the first section we provide preliminaries, notation, and definitions. Main results are derived in Sections 2 and 3. In Section 2, we provide some moment properties of fuzzy numbers with special reference to a more generalized type of fuzzy numbers. Furthermore, in this section we consider possibilistic moment generating functions associated with fuzzy numbers. In Section 3 we consider fuzzy net present value problem (FNPV), state two easy to prove main results along with few special but useful cases, including the moment generating function associated with FNPV. In Section 4, we conclude the paper.
Preliminaries and Notation.
In the sequel, we shall denote a classical set of objects, called the universe, by whose generic elements shall be denoted by . A set of real numbers will be denoted by R, positive real numbers will be denoted by R + , a fuzzy number will be denoted by by , and a set of fuzzy numbers will be denoted by F. We now have the following definitions. Definition 1. Fuzzy set in ⊂ R, the set of real numbers, is a set of ordered pairs = { , ( ) : ∈ }, where ( ) is the membership function or grade of membership or degree of compatibility or degree of truth of ∈ which maps ∈ on the real interval [0, 1].
Definition 2.
If Sup ( ) = 1, ∈ R, then the fuzzy set is called a normal fuzzy set in R.
Definition 3. The crisp set of elements that belong to the fuzzy set at least to the degree is called the -level set (orcut); that is, ( ) = { ∈ | ( ) ≥ , ∈ R + }. If the set ( ) = { ∈ | ( ) > , ∈ R + }, then ( ) is called strong -level set (or strong -cut).
Definition 4.
A fuzzy set is said to be a convex set if
Definition 5. fuzzy set , which is both convex and normal, is defined to be a fuzzy number on the universal set R. Definition 6. Let be a subset of R, then the set of elements having the largest degree of membership in is called the core of . Thus,
If is a fuzzy number ∈ F, where F is the class of all fuzzy numbers then, by the definition of normality, Core( ) ̸ = 0. Furthermore, Core( ) is also called the 1-level set of . The support of a fuzzy set is a set of elements in for which ( ) is positive; that is, Definition 8 (see Appadoo [12] ). A fuzzy number = [ 1 , 2 ,
we obtain the -cut representation of an
Remark 9. It may be remarked here that as a special case, the results for a 
Moment Properties of Fuzzy Numbers
Following Carlsson and Fullér [5] we use the following results given in (5) in deriving the moment properties of ( , )-Tr.F.N. Let ∈ F be a fuzzy number with
. Following Carlsson and Fullér [5] and using properties (5) we have the following moment properties:
(5)
The lower possibilistic mean value ( ), the upper possibilistic mean value ( ), the possibilistic mean value ( ), the interval value possibilistic mean IVPM( ), and the possibilistic variance Var( ) are below
The variance of a fuzzy number is the expected value of the squared deviations between the arithmetic mean and the endpoints of its level sets. One has
Let and ∈ F be fuzzy numbers with
Goetschel Jr. and Voxman [24] introduced a method for ranking fuzzy numbers as
As pointed out by Goetschel Jr. and Voxman [24] the definition given in (9) for ordering fuzzy numbers was motivated by the desire to give less importance to the lower levels of fuzzy numbers. Zhang and Nie [25] 
Remark 13. The upper possibilistic variance of is defined as the upper possibility-weighted average of the squared deviations between the right-hand endpoint and the upper possibilistic mean of its level sets. Therefore, one has the following:
Remark 14. The possibilistic variance of fuzzy number is defined as
Remark 15. The crisp interval possibilistic variance of fuzzy number is defined as
In the next subsection, in line with Carlsson and Fullér [5] , we discuss possibilistic mean and possibilistic variance of ( , )-Tr.F.N. For any ∈ F we use the notation ( ) = [ 1 ( ), 2 ( )] for -level sets of . 
Moments of Fuzzy Numbers
. Using (7) and (8) for the ( , )-Tr.F.N., the possibilistic expected value and possibilistic variance are as follows;
It is important to point out here that when is a Tr.F.N. or a T.F.N., ( ), ( ) and ( ) can be easily obtained from (14) . Similarly, using (10) and (11) Var ( ) 
For various values of and we obtain Tables 1, 2, and 3.
Possibilistic Moment Generating
Function. From Buckley [1] and Georgescu [26] we have that for an increasing function ( ) and a fuzzy number whose -level sets are ( ) = [ 1 ( ), 2 ( )] then we have the following:
On the other hand if ( ) is a decreasing function then
The weighted possibilistic moment generating function, if exists, is defined as
Mathematical Problems in Engineering 5 As a special case if we assume that the weighting function is ( ) = 2 , then expression (19) can be rewritten in the following form:
Based on (19), we define the weighted possibilistic moments as follows:
In the following section, we formulate the possibilistic net present value model and discuss its possibilistic moment properties.
Fuzzy Net Present Value
Net present value (NPV) is a measure of economic effectiveness and is defined as the sum of the discounted net cash flows generated during consecutive years of the economic life of an investment opportunity. Consider the following:
0 is the net cash outflow at the beginning of a project which is a negative value, is the expected net cash inflow of the project estimated by the decision maker at th time period, and is the required rate of return or the discount rate of a project at th time period. 
,
) .
(24)
Hence, the -cuts of lower and upper ( , , , ) are given by
Corollary 18. In (24) if all the 's are crisps, for all then one has
( , , , )
) . 
(28)
Below one discusses some possibilistic moment properties of FNPV as in (25) as follows.
Corollary 21. The lower possibilistic mean for is
(29)
Corollary 22. The upper possibilistic mean for is
(30)
Corollary 23. The interval value possibilistic mean for is
(31)
Corollary 24. The possibilistic mean for is
(32) 
(34)
Corollary 27. The interval value possibilistic variance
Corollary 28. Thus, the possibilistic variance is
The possibilistic moment generating function for FNPV is as follows.
Corollary 29. Consider
Mathematical Problems in Engineering
Below, one gives Theorem 30 that can be proved easily following Theorem 17.
. , be the fuzzy investment made at the end of period t and let
. . , be the fuzzy return on the investment at each of period .
Then, the cumulative discounted fuzzy net present value (
) is given by
where ( , , , )
We may now point out that one can easily study the possibilistic of structure FNPV( , , , ) since we have close form expressions for FNPV ( , , , ) and FNPV ( , , , ) , respectively. Thus, we observe that it can be used to determine whether an investment is risky or not and this will be the subject of future research.
Below, we discussed an application of FNPV ( , , , ) and FNPV ( , , , ). It is important to point out here that data in the example given below can usually be obtained through expert opinion or survey. This approach is consistent with empirical studies in social science and in real life. Note that input data's in fuzzy modeling can also be data driven and there are genetic algorithms available which offer convenient ways to model fuzzy systems and membership functions from raw data. In the example below, we are more interested to give an example to show how the various possibilistic moments can be computed once the various model parameters are obtained.
Example 31. In this example we illustrate the application of fuzzy sets theory, possibility theory, and ( , )-trapezoidal fuzzy numbers to the fuzzy net present value model developed early in the paper. Suppose we have an investment opportunity where the cash flows are given as fuzzy numbers as in Table 4 , the fuzzy discount rate is given is Table 5 . Based on information given in Table 4 and Table 5 we can calculate the fuzzy net present value using (39). It is worth noting that the input variables in (40), which can only be realized in the future, are full of uncertainty. In an uncertain decision making environment, input parameters are vague, ambiguous, and imprecise, which can only be handled by the fuzzy analysis as proposed in this paper.
Consider the following: Table 6 . As in Appadoo et al. [7] we can also compute possibilistic moments of FNPV ( , , , ) and FNPV ( , , , ). Most of the fuzzy net present value models have been confined to linear type of fuzzy numbers. As pointed out by Medaglia et al. [10] and Medasani et al. [11] , even though these linear membership functions do provide ease in calculations, they do not represent precisely the linguistic terms being modeled. There are many difficulties associated with selecting the solution of a problem written in linear membership functions and they have highlighted the importance of using nonlinear membership functions that can be easily tuned and adjusted ( [10, 11] ). This example shows clearly that FNPV ( , , , ) and FNPV ( , , , ) depend on the curvature of the membership function. For different values of the curvatures we obtained different values of FNPV( , , , ).
Conclusion
The fuzzy net present value model developed in this paper is practical and useful. The methodology proposed in this paper may also be applicable to other fuzzy cash flow models as well. This model could provide investors with a better understanding of the cash flow model when making investment decisions. The evidence in favor of a fuzzy approach highlights the advantage over the original crisp version of the net present value model. Our approach provides a formulation that more closely conforms to real situation. The proposed fuzzy model does not imply rejection of other discounted cash formulation but rather compliments existing fuzzy model formulation.
